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Citrus: Algebraic Reasoning about Superconductor
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We present Citrus, an embedded DSL in the dependently-typed language Agda that formalizes high-level
abstractions for specifying and reasoning about superconducting electronics (SCE) circuits. We build on the
existing PyLSE language, a Python DSL for writing SCE programs that provides facilities for simulating
designs and for verification via model-checking (by compiling its basic structures into Timed Automata).
Citrus expands on the verification capabilities of PyLSE by defining equivalence over SCE gates, as well as
corresponding equational reasoning lemmas, and providing a toolbox of functional combinators for designing
and analyzing larger circuits. The formalization enables a large increase in expressivity, specifically in the
form of algebraic reasoning about SCE designs. We evaluate Citrus using two sets of case studies. In the first,
we establish several equational laws which are often used by SCE designers but have yet to be formally proven.
In the second, we prove a verification task which the PyLSE language was unable to prove due to the state
space explosion inherent in its model checking approach. In this way, Citrus provides a simple functional
programming language, equivalent to PyLSE, with increased verification capabilities.

CCS Concepts: • Theory of computation → Timed and hybrid models; Interactive computation;
Logic and verification; • Hardware → Emerging tools and methodologies; Emerging languages and
compilers; Emerging architectures; Emerging simulation.

Additional Key Words and Phrases: functional reative programming, coinductive type theory, superconductor
electronics
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1 Introduction
Superconducting electronics (SCE) are an emerging technology that promises ultra power-efficient
circuits. However, SCE operate on asynchronous, pulse-based logic rather than the traditional syn-
chronous, level-based Boolean logic of CMOS circuits that are the most common implementation of
modern commercial electronics. Information in a SCE circuit is transmitted via near-instantaneous
pulses, with the relative timing of pulses on different wires conveying semantic meaning. SCE
as a technology is under active development and there are no established formalisms for describ-
ing or reasoning about SCE circuits. Most commonly, SCE circuits are described via low-level
physical circuit diagrams in a tool such as SPICE [Delport et al. 2019]. Recent work on the PyLSE
language [Christensen et al. 2022] proposed a high-level Hardware Description Language (HDL)
abstraction for describing SCE circuits, based on a timed version of Mealy Machines [Rutten 2019]
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called PyLSE Machines.1 That work gave PyLSE Machines an operational semantics as a state
transition system and a denotational semantics via translation to Timed Automata [Alur and Dill
1994]. These semantics allow PyLSE Machine descriptions of SCE circuits to be directly simulated
and, by translation to Timed Automata, to be model checked using existing tools such as UPPAAL
[Bengtsson and Yi 2004].

However, while PyLSE is a useful tool for describing and simulating SCE circuits, it does not allow
for reasoning about such circuits at the PyLSE Machine level of abstraction. For example, we cannot
reason about the equivalence of two PyLSE Machines, or whether a particular transformation
on PyLSE Machines (e.g., to optimize an SCE circuit) is guaranteed to preserve equivalence. The
main contribution of this paper is to provide a framework for algebraically reasoning
about PyLSE Machines. Our framework is inspired by the well-known concept of functional
arrows [Hughes 2005], which have been applied in fields as diverse as graphics [Elliott and Hudak
1997a] and robotics [Hudak et al. 2003]; we show that they can also be applied to the domain
of SCE to create a rich, expressive language for algebraically reasoning about PyLSE Machines.
We formalize our framework in a tool called Citrus, implemented using the dependently-typed
language Agda [Bove et al. 2009], and demonstrate its usefulness via a number of case studies to
prove SCE equivalencies that PyLSE cannot establish (and, in fact, that have never been proven
before).
The key insights behind Citrus are that (1) Mealy Machines, as transducers, describe relations

between sets; (2) we can describe these relations independently from Mealy Machines in a well-
typed way inspired by arrows [Hughes 2005]; and (3) we can specifically use a structure akin to
looped arrows [Liu et al. 2009] to incorporate and track the necessary state and timing information
required by PyLSE Machines (which augment Mealy Machines with timing information). These
time-tracking looped arrows are regular arrows augmented with an additional abstraction for
tracking timing that is necessary for specifying the timing-sensitive nature of SCE. We call the
Citrus data structure describing a particular combination of timing-sensitive arrows a PulseGate.
In Citrus an SCE circuit, using the PyLSE Machine abstraction, is described in a functional, well-
typed way as a composition of PulseGates allowing it to respect the inherently timed and stateful
nature of SCE gates.
Given two Citrus programs we can equationally reason about their equivalence according to

multiple types of bisimulation. We concentrate in this paper specifically on adapting time-abstract
weak bisimulation [Aceto et al. 2007]. A weak bisimulation means that the two programs are allowed
to take differing numbers of steps; time-abstract similarly means that the two programs are allowed
to take differing amounts of time (i.e., the circuit time delays can be different). We argue that
this notion of equivalence is well-suited for reasoning about SCE circuits. Intuitively, since we
want to reason about circuit equivalence to verify optimizations (which inherently change circuit
timing) a strong notion of timing bisimulation that doesn’t allow for different timing characteristics
doesn’t make sense. Time-abstract bisimulation is suitable because SCE circuits are designed so
that a specific sequence of inputs will cycle the circuit through a set of states and then back to
the original state. In this case, “state” doesn’t refer to a specific node in an automaton, but simply
whatever data is being kept track of in a feedback loop. An SCE circuit begins in some initial
configuration in which it is ready to receive inputs. It then receives pulses, after which it may
be unable to receive new inputs, for instance if it is delaying or waiting for more inputs. Upon
satisfying its remaining conditions, it then returns to its original configuration. Two time-abstract
weakly bisimilar Citrus programs are guaranteed to have the same behavior on the same input
sequences, which is enough to establish a useful notion of functional SCE circuit equivalence. We

1Pronounced “pulse machine”.
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adapt this notion of equivalence to our PulseGates and their unique notion of cycling. These
proofs are all mechanized via Agda’s dependent type system.
Citrus takes advantage of two formalisms: coinduction, in the form of a coinductive types

system (in Agda), and Arrows, from Functional Reactive Programming. Citrus itself is not an
implementation of or extension to coinductive type theory. We claim that arrows and coinduction
are aptly suited to compositionally, and more generally, model SCE. Citrus is the implementation
that allows arrows to describe SCE and moreover for coinduction to describe the correctness
properties, such as circuit equivalence, which are features specifically lacking or impossible in
previous approaches.

The contributions of this paper are:
• (Section 3) We describe Citrus, a dependently-typed framework embedded in Agda for
describing SCE circuits as PyLSE Machines that allow for algebraic reasoning.

• (Section 4) We explain how to reason equationally about the equivalence of Citrus programs.
• (Section 5) We demonstrate the utility of Citrus on a number of case studies, divided into two

groups: (1) a set of real-world circuit optimizations used by SCE designers that are believed,
but not previously proven, to be semantics-preserving; and (2) a non-trivial SCE circuit
taken from the PyLSE paper [Christensen et al. 2022], showing that Citrus can describe the
same SCE circuits as PyLSE and allows for reasoning about them in a way that PyLSE does
not.

We provide necessary background information in Section 2. We describe related work in Section 6
and conclude in Section 7.

2 Background
In this section we provide background on SCE (Section 2.1), PyLSE (Section 2.2), functional arrows
(Section 2.3), and Agda (Section 2.4).

2.1 Superconducting Electronics (SCE)
At the hardware level, superconducting elements can be characterized according to three main
features (1) zero resistance in static circuits at superconducting temperatures, (2) the manipulation
of the Josephson effect as the main switching element and (3) the propagation of signals (single flux
quanta) at picosecond durations and millivolt amplitudes [Tzimpragos et al. 2021]. At the software
level we can understand this as a unique information encoding, with features contrary to traditional
semiconductor electronics (CMOS). In CMOS, the information encoding is based on static voltage
levels which may be mapped onto true/false values in the manner of Boolean logic. SCE encodes
information according to instantaneous pulses with almost no voltage draw. Theoretically, this
would allow for extremely fast circuits with very low power consumption [Holmes et al. 2015].
More broadly put, at the software level, SCE is interesting because it is a technology that can
address post-Moore scaling issues [Soloviev et al. 2017]. In this way, SCE is interesting on two
accounts, for its unique information encoding and for the possibility of creating highly performant
electronics.

Although our present work abstracts much of the hardware complexity of superconducting elec-
tronics, we provide here a brief explanation of the basic principles of SCE. In SCE, a “flux quantum”
carries the unit of information. In practice, these are pulses which occur at very low temperatures
[Hayakawa et al. 2004]. Pulses last on the order of one picosecond, allowing for subterahertz
frequencies. This technology provides for high-throughput circuits with power consumption three
orders of magnitude lower than conventional semiconductor-based circuitry (CMOS). SCE gates
are conceptually similar to CMOS gates in some ways, but differ in others. Gates are functional
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objects which are connected by wires on which pulses arrive and depart. The main difference SCE
gates have from CMOS gates is that, while the pulses themselves are instantaneous and transient,
the gates are stateful. That is, the gates respond to pulses by internally changing their state. SCE
gates can then keep track of when pulses arrived and reset to an initial configuration, e.g., after
some time has passed or when another input has arrived.

inita-recv b-recv

(a&b/1, {5}, {8})
(a/0, {5}, {8}) (b/0, {5}, {8})

(a/1, {5}, {8})

(b/0, {5}, {8})

(b/1, {5}, {8})

(a/0, {5}, {8})

inita-recv b-recv

(a&b/1, {5}, {8})
(a/0, {5}, {8}) (b/0, {5}, {8})

(a/0, {5}, {8})

(b/1, {5}, {8})

(b/0, {5}, {8})

(a/1, {5}, {8})

Fig. 1. First Arrival (FA) and Last Arrival (LA) SCE gates as timed Mealy Machines, with FA on the top and LA
on the bottom. The syntax “(a & b)/1” covers the case that the “a” and “b” pulses arrive simultaneously. The
I/O information is colored in orange while the timing information, colored black, is given as a tuple next to it.
The tuple includes the transition delay and the firing delay. Notationally, the tuple “(a/1, {5}, {8})” indicates
an “a” pulse arrives, triggers a delay of 5 picoseconds as the gate transitions, and then triggers a pulse as an
output which results in a 8 picosecond firing delay. An “a/0” means that no pulse is triggered.

Figure 1 describes two SCE gates, First Arrival (analogous to a conventional OR gate) and Last
Arrival (analogous to a conventional AND gate) using Mealy Machines (i.e., a finite state transducer)
augmented with timing information. An FA gate pulses when it receives the first of two possible
signals and resets once it has received the second; an LA gate pulses when it receives the second of
two possible signals and immediately resets.
A Mealy Machine can be represented as a function of type (Input × State → Output × State).

The notation 𝑥/1 on an edge means the gate receives a pulse on the 𝑥 wire (or, in the theoretical
model, reads an 𝑥 symbol from the input) and then sends a pulse on the output wire (writes a 1
symbol to the output); the notation 𝑥/0 means the gate reads a pulse on the 𝑥 wire and doesn’t send
a pulse on the output wire (indicated in the theoretical model by writing a 0 symbol to the output).
The First Arrival (FA) gate begins at the 𝐼𝑛𝑖𝑡 state and waits to receive either an 𝑎 or 𝑏 pulse.

If it receives an 𝑎 pulse it fires, that is, sends the output pulse 1. After this event it waits for the
opposite pulse, in this case the 𝑏 pulse, in the a − recv state. While waiting, if it receives another 𝑎
pulse it outputs 0, indicating that it does not output a pulse, and stays in the a − recv state. If it
sees a 𝑏 pulse while in the a − recv state it outputs a 0 (no pulse) and returns to Init, i.e., it resets to
its beginning configuration. The case is symmetric for beginning with a 𝑏 pulse. Note again that
pulses are associated with wires, that is, an 𝑎 pulse means a pulse received on the 𝑎 wire and a 𝑏
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pulse means a pulse received on the 𝑏 wire; pulses themselves are indistinguishable beyond what
wire they are on and when they arrived.

The Last Arrival (LA) gate is largely dual. After receiving an initial pulse, it does not output a
pulse and instead begins waiting for the opposite pulse. Only after receiving both pulses does it fire
and return to the Init state. If we consider only the orange I/O information in Figure 1, we get the
simple, untimed description of these gates. The additional tuples of numbers labeling the transitions
indicate some of the timing information that is associated with all SCE gates. Upon receiving a
pulse, for instance, the FA gate spends 50 picoseconds before updating its internal state, and there
is a delay of 120 picoseconds before the output pulse appears at the receiving gate downstream.

We will focus on two aspects of timing information common to all SCE gates, namely, transition
delay and firing delay. Transition delay refers to the amount of time a gate spends before it
reconfigures its internal state. For instance, a pulse may arrive at a gate, which then propagates the
pulse, but then spends 50 picoseconds transitioning before returning to its original configuration.
A pulse arriving during this transition delay would be ignored by the gate and possibly indicates
an error in the design. If a gate propagates, or “fires”, a pulse, there is also a certain amount of time
spent before the pulse appears to whatever downstream gate receives it, called the firing delay.

2.2 PyLSE
The PyLSE language defines two main representations for dealing with SCE: The first is the
PyLSE Machine which is an extension of the basic Mealy Machine to include the variety of timing
information needed to describe hardware superconductors; the second is the timed automaton
derived from a given PyLSE Machine. The first representation is useful for rapid prototyping and
simulation while the second representation is geared to model checking. We reproduce an example
of the Last Arrival circuit in PyLSE in Listing 1. The states of a PyLSE Machine are abstract states,
while the majority of the information resides on the edges. The information on each edge is a
3-tuple consisting of “Trigger” information, “Firing Outputs” and “Past Constraints”. Triggers and
Outputs have names and durations (transition times and delays, respectively). Past Constraints
define minimum times required until a new pulse may be ingressed. Designing larger circuits in
the PyLSE language is done procedurally by assigning outputs of circuit elements to temporary
variables which are then used as inputs to other circuit elements.

2.3 Arrows and Functional Reactive Programming
The automata-theoretic presentation of SCE is useful for description and simulation of SCE circuits,
but not for reasoning about those circuits. An alternative presentation is to find a structure that
captures the same information but is more functional and compositional. To this end, we adapt the
arrow type [Hughes 2000] prominently used in functional reactive programming (FRP). Arrows
may be thought of as generalized functions, that is, they are types which record the domain and
codomain at the type level.
Functions naturally constitute an instance of arrows, but so do other structures such as stream

transformers, MooreMachines, MealyMachines, andmany others [Paterson 2003]. This unified type
signature allows us to define combinators, or higher order functions, which describe various kinds of
compositions including sequential and parallel composition, branching choice, and even value-level
recursion. In this way, arrows may be thought of as a language for dataflow graphs. These features
can be bundled together into a common typeclass such as one might find in Haskell. However,
arrows must obey certain laws for any types they are applied to, such as preserving identities,
associativity, and others; these laws allow us to reason about arrow compositions algebraically.
The Arrow typeclass requires a few laws to hold on the given type and combinators. This is

entirely analogous to the Monad typeclass which requires verifying, e.g. that the returnx = f = fx.
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class LA(SFQ):
''' Last Arrival Gate
'''
name = 'LA'
inputs = ['a', 'b']
outputs = ['q']
firing_delay = 8.0
transitions = [

{'id': '0', 'source': 'idle', 'trigger': ['a', 'b'], 'dest': 'idle',
'priority': 0},

{'id': '1', 'source': 'idle', 'trigger': 'a', 'dest': 'a_arrived',
'priority': 0}

{'id': '2', 'source': 'idle', 'trigger': 'b', 'dest': 'b_arrived',
'priority': 0},
{'id': '3', 'source': 'a_arrived', 'trigger': 'b', 'dest': 'idle',
'firing': 'q', 'transition_time': firing_delay},
{'id': '4', 'source': 'a_arrived', 'trigger': 'a', 'dest': 'a_arrived'},
{'id': '5', 'source': 'b_arrived', 'trigger': 'a', 'dest': 'idle',
'firing': 'q', 'transition_time': firing_delay},
{'id': '6', 'source': 'b_arrived', 'trigger': 'b', 'dest': 'b_arrived'},

]
jjs = 5

Listing 1. The Last Arrival gate as described in PyLSE.

The basic Arrow (and Monad) laws can be found in Hughes’ original treatment [Hughes 2000].
For example, composition must be associative f >>> (g >>> h) = (f >>> g) >>> h. We also
need rules connecting the various combinators. To this end, arr must respect composition as
arr (f >>> g) = arrf >>> arrg. As the basic Arrow class can be extended to include more compo-
sition operators, more laws must be added to guarantee the expected computational interpretation.
The main extensions for Arrows, including choice combinators and looping, along with their
required laws, are given in [Paterson 2003]. The Arrow formalism is less restrictive than the Monad,
intuitively focusing more on composition than effects. Arrows have found a wide degree of popu-
larity in the field of Functional Reactive Programming (FRP). As Hudak notes in [Wan and Hudak
2000], FRP is a framework for programming systems in a declarative way. The systems tend to
have in common features such as continuously responding to inputs, being sensitive to timing
or clocks, and composing components in complex configurations. FRP has been used to describe
animation programs [Elliott and Hudak 1997b], robots [Hudak et al. 2003], and music production
[Bärenz 2020]. Typically, FRP is used in modeling systems which can be described structurally, and
the computational side-effects are relatively minimal.

We will draw inspiration from the Arrow typeclass which consists of four combinators, which are
shown graphically in Figure 2 [Paterson 2001]. The lifting combinator arr f takes a plain function
and lifts it into the Arrow type. The sequence combinator >>> passes the output of one arrow to
the next. The first combinator takes two inputs but runs the arrow only on the first input. From
these components we can build a parallel combinator, ***, which runs one arrow on the first input
and one on the second input, and many others. The Arrow type essentially describes stateless,
feed-forward dataflow graphs.

However, to use arrows to describe functions that correspond to Mealy Machines, i.e., that have
signatures such as (Input×State → Output×State) which persist and repeatedly respond to inputs,
the basic arrow type isn’t quite enough. Instead we must take a fixpoint of the type to represent all
functions defined with this signature. We use State as a recursion variable and rewrite the signature
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f f g

f f

Fig. 2. The Arrow typeclass contains several combinators which allow for the construction of complex
“dataflow graph”-like terms. We implement these combinators in Citrus. The first simply lifts a function 𝑓

into an arrow. The second is the sequence combinator >>>, the third, first, runs an arrow only on the first
input, forwarding the second, while the fourth, loop, is the loop arrow that feeds back information in addition
to outputting.

as 𝐹 (State) = Input → (Output × 𝐹 (State)). This signature denotes a function that, upon receiving
an input, responds with an output and additionally a copy of itself stepped forward “in time”. These
functions have no termination condition—they keep running forever, and so we use a greatest
fixpoint rather than the least fixpoint represented by typical inductive types. Types defined in this
way are not recursive but instead corecursive.

2.4 Agda and Coinduction
Agda is a dependently type programming language [Bove et al. 2009]. Used as a proof assistant
(i.e., an interactive theorem prover), it sits in a space similar to Rocq [Paulin-Mohring 2012]—both
languages use their dependent type systems as a way to express and prove logical properties. For this
work, we concentrate on using dependent types as a way to formalize a model for superconducting
circuits. The expressive power of dependent types allows us provide a DSL that can reason about
complex forms of equality over circuits. Agda provides convenient facilities for working with
coinductive types, as discussed below. Rocq, in contrast, makes coinductive types somewhat more
awkward to work with but has greater support for proof automation (e.g., the use of tactics). Either
language could be used for Citrus, but we chose to start with Agda because coinductive types are a
large part of what we need to reason about SCE. It would be interesting future work to port Citrus
to Rocq and compare and contrast the facilities of the two languages.

In Agda, similar to Haskell, the data keyword establishes a data type as the least fixpoint of some
type-level function. In Haskell the least and greatest fixpoints coincide, and thus data declarations
suffice for both finite and infinite structures; in contrast for Agda we build coinductive types
explicitly using the record construct with the keyword coinductive. Records may be thought of
as generalized products, or tuples, defined by fields. These fields may be used to project out the
data contained within the record. The intuition is that, similar to the stream example from above,
the defining characteristic of records, or product types, is that we may destruct them to observe
their values, in contrast to data or sum types, which focus on constructing terms of the type.
The infrastructure by which Agda’s typechecker is able to confirm a coinductive function is

productive is based on structures called “sized types” [Abel 2010]. For the programmer, sized
types act like annotations to type signatures which help Agda determine how deeply a coinductive
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function is being observed or deconstructed. It is not necessary for the reader to understand these
annotations, but we point them out so as to prevent any confusion in the code instances shown
below. There are two main instances of sized types to be aware of. First, we use the∞ symbol to
mark a coinductive type that is “fully defined”. That is, when we want to express the equivalence
of two circuits, we would like this to hold for circuits defined at all possible depths of observation.
Second, we will use {𝑖} to denote arbitrary depths of observation and { 𝑗 : Size< 𝑖} to denote
arbitrary depths below a given depth.

3 The Citrus Language
Citrus is an embedded language inside Agda, consisting of abstractions and operators aimed at
describing SCE circuits as PyLSE Machines. These abstractions and operators are: (1) core data
structures for representing timed pulses; (2) the PulseGate data structure which represents basic
SCE elements; and (3) the composition operators used to compose PulseGates into SCE circuits.

3.1 Timed Pulses
To model SCE circuits, we must model infinitesimal pulses occurring at specific timestamps. At a
given timestamp we can observe a “pulse”, which is either an instantaneous packet of information
or its absence. For modeling purposes we add a third possibility, an “error” signal used to model
when a pulse arrives at a gate during a time interval in which the gate cannot receive a pulse
correctly (and which is propagated as the output of the gate when this event happens). While SCE
circuits notionally operate in real-valued time, Citrus uses the natural numbers instead—all time
intervals that we deal with are rational, and by choosing the proper units we can describe them
using naturals. Pulses in SCE circuits travel on wires, and we abstract these wires as vectors of
pulses (with one element per wire). We can now describe our pulse-based I/O representation as
shown in Listing 2.

Wires. . . . . .. . . . . .
. . . . . .. . . . . .
. . . . . .. . . . . .
. . . . . .. . . . . .
. . . . . .. . . . . .

. . . . . .
A
B
C
D

. . . . . .
Time

Fig. 3. We treat pulses in Citrus as “verti-
cal” slices of time across a selection of wires.
Each slice, indicated by a dotted line, is a
vector which is indexed by the number of
wires. Here we have three TimedPulse 4s
over wires 𝐴, 𝐵,𝐶, 𝐷 . The open circles indi-
cate pulses.

Time : Set
Time = N
data Pulse : Set where
* : Pulse -- pulse
∅ : Pulse -- no pulse
err : Pulse -- error signal

TimedPulse : (n : N) → Set
TimedPulse n = (Vec Pulse n) × Time

Listing 2. The basic definitions for dealing with time
in Citrus: time is a Natural number; a Pulse is one of
of three possible outcomes; a TimedPulse is a vector
of Pulses indexed by the number of wires on which a
pulse can arrive.

As the listing shows, a Citrus program will both take and output a vector of pulses at a given
timestamp. A Pulse itself is one of three possible outcomes: a pulse, nothing, or an error signal.
A TimedPulse is a vector of Pulses indexed by the number of wires on which a pulse can arrive.
This “vertical” view of time means that we do not explicitly keep track of a history of pulses. This
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representation tracks the operation of SCE more naturally than the alternative because SCE gates
themselves keep track of I/O and state information in an asynchronous, non-global manner.

3.2 PyLSE Machines as Coalgebras
The PyLSE Machine is itself based on a type of finite state transducer called a Mealy Machine.
Mealy Machines can be thought of as stateful functions, or maps between finite state automata.
More formally, Mealy Machines have a straightforward presentation in terms of coalgebras [Rutten
2019]. The theory of coalgebras has been suggested as a natural framework for state-based systems:
while terminating functions are usually represented as recursive/inductive objects, state-based,
non-terminating systems are represented using corecursion and coinduction instead. The former
can be presented as algebras and the latter as coalgebras. We do not require the details of this
theory for our purposes and direct the interested reader to [Jacobs 2016]. Fortunately, the theorem
prover Agda makes available a wide class of coinductive types using the record structure. The
basic Mealy Machine coalgebra is interpreted by the coinductive type defined in Listing 3 below.

record MealyMachine (I O : Set) : Set where
coinductive
field
resp : I → O
step : I → MealyMachine I O

Listing 3. MealyMachine data structure

The interpretation of Listing 3 as a record is that, given a term of this type, we can destruct
it using its fields. That is, given a term of type MealyMachine, we can call the resp and step
functions on it. The resp function stands for “response” and, given an input of type I, will give
us an output of type O. The step function takes an input of type I and emits the next step of the
object “in time”. The keyword coinductive tells the type checker that we can do this infinitely.
The text can be intuitively restructured as follows:𝑀𝑒𝑎𝑙𝑦𝑀𝑎𝑐ℎ𝑖𝑛𝑒 → 𝐼 → 𝑂 ×𝑀𝑒𝑎𝑙𝑦𝑀𝑎𝑐ℎ𝑖𝑛𝑒 , i.e.,
given a MealyMachine and an input, we can generate an output and the next MealyMachine. For
Citrus, the inputs 𝐼 and 𝑂 should be TimedPulses.

The MealyMachine type will serve as a basic building block for our final PulseGate type, which
we will use to model SCE circuits; however, currently it is only able to reflect the I/O behavior
of a gate, e.g., the TimedPulse information. In reality, each SCE gate additionally keeps track of
unique, internal state. For example, the LA and FA gates each keep track of their own distinct
information on different transition delays and timing constraints. We model this information with
the type StateVector in Listing 4. The StateVector keeps track of all internal state for a given
SCE element. For the most part, we use the definitions provided in the PyLSE paper, making small
simplifications. The PyLSE Machine needs to keep track of roughly the following state: (1) current
state; (2) each input’s last arrival timestamp; (3) time required to transition from one state to
another given an input; (4) time taken for an output to be observable; (5) timestamp of the end of
the unstable period; (6) various timing constraints related to hold/setup time.

Now that we have the type of internal state represented, we must decide how best to incorporate
it into the basic MealyMachine type. We could expose a gate’s internal state by lifting the state into
its type signature as we showed for MealyMachine, i.e., 𝐼 → 𝑆 → 𝑂 × 𝑆 where 𝑆 is the type of the
state, but then, as a practical matter, it becomes difficult to write generic composition functions.
That is, gates should only be composable in terms of their I/O behavior (i.e., the pulses sent and
received)—each gate’s internal state should be hidden from the other gates they are composed
with. We need an individual gate’s state to be encapsulated so that it does not appear in that gate’s
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record StateVector (X : Set) (n : N) : Set where
field
-- current state
qcurr : X
-- when did i last see this input?
Ω : Vec Pulse n → N
-- from a given state and input, how long does it take to update?
tmap : X → Vec Pulse n → N
-- tarr + ttrans
tdone : Time
-- same as tmap but for outputting
firing-delay : Time
-- setup time constraints (list of deadlines for given pulses)
𝜃 : (X × (Vec Pulse n)) → List ((Vec Pulse 2) × Time)

Listing 4. The StateVector data structure used to hold timing and node information. The list 𝜃 contains the
setup time constraints which are timestamps beyond which receiving inputs would result in a violation.

initDataC : StateVector S3 2
qcurr initDataC = s30
Ω initDataC = 𝜆 x → 0
tmap initDataC = 𝜆 x v → 0
tdone initDataC = 0
firing-delay initDataC = 8
𝜃 initDataC = 𝜆 (x,y) → []

Listing 5. The data that defines and initializes the LA gate. The type 𝑆3 is used to represent unique internal
state of the LA gate.

type-level signature. When the overall circuit (the composition of gates) is stepped forward in
time, each gate’s state should be automatically (and invisibly) looped back to itself to advance and
maintain their individual states as appropriate. The MealyMachine type does not fit this requirement
(because it exposes the state information), and so we need to extend our definitions further to get a
suitable PulseGate definition.
To implement the desired behavior we turn to a concept explored in functional reactive pro-

gramming, namely that of a loop, or trace [Hasegawa 1999]. Several structures in functional
programming permit the construction of a loop operator. The basic type signature takes a function
of type 𝐼 × 𝑆 → 𝑂 × 𝑆 and turns it into one of 𝐼 → 𝑂 , that is, it invisibly feeds back the 𝑆 parameter
yielding a function that only exposes its I/O parameters. The loop operator for PulseGates can be
implemented as below in Listing 6, where the type 𝑆 is the type of internal state being “fed back”.
Note that in the code development, the PulseGate type is identical to the above Mealy Machine
type, simply for ease of type signatures; in practice, every SCE circuit is indeed the result of a loop
operator with the above StateVector feedback.

We briefly call attention to the two equations that define the loop function. Contrary to typical
Haskell-style definitions, the record fields of the PulseGate are called on the function itself. This is
a corecursive function as opposed to a recursive one. The interpretation is that given some term
loop fdbk m and an input tp (a TimedPulse), calling the resp function on this structure should
yield the right-hand side of the equation. The function is defined corecursively, that is to say, it is
defined by what the destructors of the record do to terms of the given type. With these definitions
in place we can describe the PulseGate data structure.
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loop : (n1 n2 : N) (fdbk : S) →
PulseGate (TimedPulse n1 × S) (TimedPulse n2 × S) →
PulseGate (TimedPulse n1) (TimedPulse n2)

resp (loop fdbk m) tp = proj1 (resp m (tp , fdbk))
step (loop fdbk m) tp = loop (proj2 (resp m (tp , fdbk)))

(step m (tp , fdbk))

Listing 6. The trace operator implemented for the PulseGate data structure.

Definition 1 (PulseGate). The PulseGate is a looped MealyMachinewith I/O given as TimedPulses
and feedback information corresponding to StateVectors representing a specific SCE gate’s unique
internal state.

To put Definition 1 into practice, we construct an example corresponding to the Last Arrival
gate from Figure 1. We proceed in two steps. In the first step we create a function, the underlying
transducer, that exposes the internal state information, and use it to form a MealyMachine. In the
second step we apply the loop operator to this machine and its associated initial data to obtain the
full circuit. The underlying transducer of the Last Arrival gate is pictured below, in abbreviated
form in Listing 7. It defines how the gate behaves according to pulse inputs and how internal state,
such as its own clock and timing constraints, are updated.

LA-transducer : TimedPulse 2 × StateVector 𝑆3 2 →
TimedPulse 1 × StateVector 𝑆3 2

LA-transducer ((v,tarr), ⟨qcurr, Ω, tmap, tdone, fd, 𝜃⟩)
with (validInput tarr tdone)

LA-transducer (v@(*::*::[], tarr), ⟨𝑠30, Ω, tmap, tdone, fd, 𝜃⟩) | true =
((*::[]), (tarr + fd)), ⟨ 𝑠30 , (𝜆 s → tarr), tmap, (tarr + fd), fd, 𝜃⟩

...
LA-transducer (v@(*::∅::[], tarr), ⟨ 𝑠30, Ω , tmap, tdone , fd , 𝜃 ⟩) | true =
((∅::[]), (tarr + tmap 𝑠30 (proj1 v))), ⟨𝑠30 , (𝜆 s → tarr), tmap, (tarr +

tmap 𝑠30 (proj1 v)), fd, 𝜃⟩
...

Listing 7. A few example lines from the definition of the transducer function for the LA gate. We can see
the last equation gives the case where the input holds a pulse on the first wire but not the second and the
element is in the 𝑠30 case. The true guard establishes the pulse’s arrival time does not trigger an error. The
first component of the right hand side of the equation shows that the element does not pulse while the
second component takes care of state bookkeeping, for instance, updating the most recent arrival time on
this wire.

The function pattern matches on the current state qcurr (in the sense of a node in the PyLSE
Machine graph) and the input slices, which can consist of a pulse on each wire, a pulse on no
wires, or pulses on one or the other wires. There can also be error signals ingested which simply
propagate through the circuit as a whole. We follow PyLSE in that we assume pulses are tagged
with an absolute timestamp, as opposed to a relative timestamp. The StateVector then keeps track
of the timestamps of each I/O pulse, as well as when the element is ready to accept new inputs.
The syntax “with (validInput tarr tdone)” conveys that we should only begin computing the
transition if the given input does not conflict with the element in any way. The function validInput
is based on the PyLSE paper’s ERROR-K-TRAN and ERROR-K-CONS rules; intuitively it sends to an
error state (and emits an error signal) if the timing constraints are violated in some way. In all then,
the way to interpret the LA-transducer function is to look at what kind of TimedPulse arrived,
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what internal state the transducer was holding onto, compute the next state, whether or not there
is an output pulse, and then the times taken for transitioning or firing and when the next stable
period begins.

We can now proceed to the second step which combines the underlying transducer with its initial
state information under the loop operator and is pictured in Listing 8. This data structure satisfies all
of our main requirements: At the type level, it exposes only the I/O behavior of the circuit, allowing
it to be more easily composed; it keeps track of unique internal state via the underlying transducer
function; and it runs infinitely, always able to respond to new inputs (modulo error-inducing
inputs).

-- the Last Arrival gate
LA : PulseGate (TimedPulse 2) (TimedPulse 1)
LA = loop initDataC (arr LA-transducer)

Listing 8. The full Last Arrival gate as represented in the Citrus language. The loop The arr operator lifts
the underlying transducer function into a PulseGate.

3.3 Composition Operators
Functional arrows benefit from several composition operators that allow one to construct large
dataflow-like graphs. We extend our PulseGate structures with a handful of such composition
operators. We have defined operators to put PulseGates in parallel, in sequence, and to combine
a pair of PulseGates but propagate only the behavior of the first; together these operators are
sufficient to define a wide array of possible compositional behaviors and give the user ample
capability to design SCE circuits as if they were dataflow-like networks. This design improves upon
PyLSE itself in that the composition information is represented at the type level, which facilitates
easier debugging as well as easier programming. Below we describe the sequence and parallel
composition operators as examples. The sequence operator (Listing 9) funnels the output of one
PulseGate as the input to the next. The parallel composition operator (Listing 10) is capable of
processing inputs simultaneously or, if inputs come only on a single wire, one at a time as they are
ingressed.

_>>>_ : (PulseGate I M) → (PulseGate M O) → PulseGate I O
resp (𝑚1 >>> 𝑚2) = resp 𝑚2 ◦ resp 𝑚1
step (𝑚1 >>> 𝑚2) = 𝜆 x → (step 𝑚1 x) >>> (step 𝑚2 (resp 𝑚1 x))

Listing 9. The sequence operator chains two PulseGates one after the other.

_***_ : (PulseGate (TimedPulse i) (TimedPulse j)) →
(PulseGate (TimedPulse m) (TimedPulse p)) →
PulseGate (TimedPulse (i + m)) (TimedPulse (j + p))

resp (_***_ 𝑚1 𝑚2) = 𝜆 vim → resp 𝑚1 (proj1 (splitAtTP i vim))
++TP resp 𝑚2 (proj2 (splitAtTP i vim))

step (_***_ 𝑚1 𝑚2) = 𝜆 vim → step 𝑚1 (proj1 (splitAtTP i vim)) ***
step 𝑚2 (proj2 (splitAtTP i vim))

Listing 10. The parallel composition operator. The indices i,j,m,p are natural numbers indicating widths.

The composition operators do not impose any timing penalties beyond those imposed by the
gates being composed, that is, because the hardware itself switches near instantaneously, we do
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not add delays or added elapsed time to the composition operators themselves. Finally, we note
that networking circuits together frequently requires operations like duplicating and forking the
wires. As an example, we present the “cloning” function below which duplicates one of its input
wires in a specific order. In Citrus these “wire management” functions are turned into PulseGates
and then composed using the same composition operators.

cloning : TimedPulse 3 → TimedPulse 4
cloning (a :: b :: c :: [] , t) = (a :: b :: a :: c :: [] , t)

Listing 11. A simple function which duplicates its input in a specific pattern. Functions like these are necessary
to do so-called “wire-management” in larger designs.

3.4 Programming with PulseGates
In this section we present a basic example of programming with the Citrus framework. We use as
our running example the min-max element, or comparator. It is visualized in Figure 4 and displayed
as Citrus code in Listing 12. The comparator takes two inputs and pulses its first wire on the earliest
input pulse, and its second wire on the latest input pulse. This has the effect of sorting the inputs
from earliest to latest. This element is implemented as a composition of three more basic elements,
the S gate, or splitter (which duplicates a wire), and the familiar FA and LA gates. We can see the
close correspondence between the visual description of the SCE circuit and the Citrus version as
code.

FA

LA

S

S

Fig. 4. The comparator visualized as a net-
work of SCE elements.

min-max : PulseGate (TimedPulse 2)
(TimedPulse 2)

min-max = (S *** S) >>>
((arr perm0) >>> (FA *** LA))

Listing 12. The comparator element as a term in
Citrus. perm0 is a wire management function and arr
promotes it to a PulseGate.

Finally, we give some examples of running simulations of the above circuits. We first define a few
sample inputs shown in Listing 13. For instance, the first input is on the second wire. We submit
these inputs to the comparator circuit and observe the outputs, as shown in Listing 14.
We need to submit both inputs to the comparator to fully realize its behavior. We can see from

out that the behavior of the comparator correctly pulses its first wire at the input timestamp plus its
internal transition time/firing delay. During this period, receiving another input would be an error,
as shown by result out’. However, the third input test-pulse-3 is sufficiently far in time and can
trigger the comparator completely. That is, the comparator pulses its second wire appropriately
delayed in time. This example demonstrates that Citrus allows SCE developers to simulate the
semantics of SCE circuits for testing and prototyping in a simple, functional style.

3.5 Limitations and Future Work
We discuss two limitations in Citrus, a comparatively simpler semantics and abstractions from
hardware complexity.
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-- a pulse on the second wire at time 4
test-pulse-1 : TimedPulse 2
test-pulse-1 = (∅ :: * :: []) , 4

-- a pulse on the first wire one time point later
test-pulse-2 : TimedPulse 2
test-pulse-2 = (* :: ∅ :: []) , 5

-- a pulse on the first wire 8 time units later
test-pulse-3 : TimedPulse 2
test-pulse-3 = (* :: ∅ :: []) , 13

Listing 13. We establish test inputs as TimedPulses. These are pairs of a vector and a time value where , in
Agda, a comma separates the elements in a pair and :: is the cons operator.

-- * :: ∅ :: [] , 13
out = proj1 ((runPG min-max) test-pulse-1)

-- this steps the circuit forward one time step
nxt = proj2 ((runPG min-max) test-pulse-1)

-- this produces an error (err :: * :: [] , 10)
out' = proj1 ((runPG nxt) test-pulse-2)

-- ∅ :: * :: [] , 18
out'' = proj1 ((runPG nxt) test-pulse-3)

Listing 14. Test inputs are simple TimedPulse objects or vectors of pulses/absences/errors at specific
timestamps. Running a circuit against a sequence of test inputs involves the helper function runPG. We
show in comments the output of running the functions.

Compared to PyLSE, Citrus simplifies the semantics in two ways. In the first, while Citrus can
represent more complicated timing constraints, such as setup time, it currently only takes into
account basic timing and firing delays when running computations. Extra timing constraints,
such as setup and hold time, are additional checks on the arrival times of pulses based on what
internal state an element is in. In the second, Citrus, by encapsulating state to each element and
composing these as functions, considers fewer possible interleavings of pulse communication
between elements in the circuit. That is, by using a network of timed automata in parallel (which is
used to generate one very large timed automaton), PyLSE considers a much larger set of possible
execution traces. In the first simplification, we believe the additional timing constraints can be
acted on straightforwardly, in a manner similar to the current check on validInputs. The second
simplification is more interesting, as the PyLSE language, despite representing more possible
traces, strives to rule them out by invalidating any circuit that does not conform to the intended
“straight-line” behavior. A correct circuit in PyLSE then is ultimately a discrete sequence of state
changes. We claim this is roughly analogous to the operation of Citrus; however, we are actively
working to relax the restrictions on execution traces inherent in Citrus. In total, we do not think
these issues detract from the basic functionality expected of a model of SCE and moreover that the
simplifications allow Citrus to reveal several interesting algebraic facts about SCE.

The second limitation of Citrus is with respect to the hardware complexity of the material physics
and electronics of SCE. For instance, we do not represent thermal noise or jitter; however, the
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underlying state-management issues we abstract in Citrus are, we believe, inherent to having
information stored in the form of magnetic flux quanta and then transferred and manipulated in
the form of single flux quantum (SFQ) voltage pulses. Path balancing, dual-clocking, and other
"digital equivalent" techniques, will not change the abstractions we develop here and the proofs
of correctness of fundamental circuit transformations should apply equally. There are certainly
unique SCE device-level failure modes outside of Citrus domain of abstraction (e.g. faults due to
Abrikosov vortex pinning) in the same way there are device level failure modes for CMOS below
the level of RTL (e.g. hot carrier injection).

4 Equational Reasoning
Now that we have a formal representation of PulseGates and of SCE circuits as compositions of
PulseGates (i.e., as PyLSE Machines), we turn our attention to the notion of equivalence between
SCE circuits. That is, when are two PyLSE Machines behaviorally equivalent, or in other words,
when do two machines yield the same observable outputs given the same inputs? To this end, we
adapt the notion of bisimulation and discuss how it may be used to prove the equivalence of two
PyLSE Machines in Section 4.1. We discuss two finer points related to these notions in Section 4.2
which are required to fully complete our proof technique.

4.1 Equivalence between PulseGates
The classical treatment of equivalence for reactive systems is in terms of bisimulation over infinite
labeled transitions systems (LTS) [Aceto et al. 2007]. Because the LTS do not have a termination
condition the equivalence between them cannot depend on recursing to a base case (which computes
a least fixpoint); instead it must depend on the greatest fixpoint [Sangiorgi 2011]. To establish
bisimilarity in this framework we check: (1) that if one LTS can make a transition 𝛼 then the
other LTS can make a transition 𝛼 ; and (2) the resulting states of the two LTS are bisimilar.
Mathematically, this is a coinductive relation, and its coinductive nature is captured clearly by the
PulseGate coinductive records that we use to describe SCE circuits.
The framework of bisimulation has been extended to cover time-sensitive LTS, such as timed

automata. There are several different notions of timed bisimulation [Aceto et al. 2007], including
“timed bisimulation” and “time-abstract bisimulation”. The former requires that the two LTS must
make the same transitions with the same delays, which is too restrictive for our purposes (e.g.,
proving that one SCE circuit is an optimized version of a second, with equivalent behavior but
smaller delay). Time-abstract bisimulation, however, turns out to be a good choice to prove circuit
equivalence. In this setting the two LTS must take the same transitions but are allowed to do so
with differing delays. Intuitively, it says that for two SCE circuits to be time-abstract bisimilar
there must be some amount of time they each delay (which can be different for each one) such
that, given the same input sequence, they must respond with the same output sequence. Note
that time-abstract bisimilarity subsumes weak bisimilarity (which allows an LTS to take “silent”
transitions) because a silent transition is essentially equivalent to an additional delay.

This notion of bisimilarity works well for SCE circuits because SCE circuit semantics depend on
the timing of pulses relative to the circuit characteristics such as transition and firing delays, rather
than absolute timing. Time-abstract bisimilar circuits thus have the same “cycling” behavior—that
is, if we use the Mealy Machines in Figure 1 as a convenient reference, an input sequence that
causes one circuit to go from its Init state through either the a − recv or𝑚𝑎𝑡ℎ𝑖𝑡𝑏 − 𝑟𝑒𝑐𝑣 states and
then back to Init (respecting its various time delays) will also cause another bisimilar circuit to do
the same (respecting its various time delays).
We begin with bisimilarity as it is presented in Abel’s work on formal languages [Abel 2016]

which we reproduce in Listing 15, specialized to PulseGates. This type is a coinductive record
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called _ ≈ ⟨_⟩ ≈ _, where the first and last underscores stand for the circuits being compared and
the middle underscore stands for the depth of observation, e.g., 𝐴 ≈⟨∞⟩≈ 𝐵 means that 𝐴 and 𝐵 are
time-abstract bisimilar for arbitrary depths of observation. We direct the reader to the eqr.agda
file in the supplementary material for the full development; here we show a simplified presentation
in Listing 15 removing the size annotations for readability. The record takes two PulseGates as
inputs and has two fields, ≈resp and ≈step. The first, ≈resp, represents a proof that the outputs
of the two gates are equivalent; the second, ≈step, establishes that the stepped gates (yielded as a
result of a PulseGate step) also bear the equivalence relationship. In more traditional terminology,
these two fields state that the heads of the two gates are equal and the tails are (time-abstract)
bisimilar.

record ≈⟨ ⟩≈ {A B : Set} (m1 m2: PulseGate A B) : Set where
coinductive
field
≈ 𝜈 : resp m1 ≡ resp m2
≈ 𝛿 : ∀ (a : A) → (step m1 a) ≈⟨ ⟩≈ (step m2 a)

Listing 15. The bisimilarity relation follows the definition pattern we used for PulseGates. A proof that two
PulseGates are equivalent requires a proof that all inputs are equal (this is the ≡ symbol) for arbitrary delays
and that for all inputs after arbitrarily delaying the continuations of the gates are also equivalent.

The relation in Listing 15 is an equivalence relation, satisfying the properties of reflexivity,
symmetry, and transitivity. Proofs of these facts are straightforward and based on simple copattern
matching. However, this current definition is incomplete because it does not incorporate any notion
of time. In order to address this issue we must explain how we can reason about sequences of pulses
over time.

4.2 Ordered Sequences and the Coinduction Hypothesis
There are two important issues that remain to be solved before we can prove two SCE circuits as
equivalent. The first problem is that we need to establish that for all possible sequences of inputs
(recalling that an input is a vector of pulses, one per wire, plus a timestamp), two circuits output
the same thing; however, “all possible inputs” is too many to feasibly check.

The stateful semantics of SCE gates provides us with an answer: an SCE gate is assumed to start
in some initial state, then to get at least one pulse on each wire (cycling through some number
of states internal to that gate) before returning back to the initial state. For example, the Last
Arrival gate and First Arrival gate from Figure 1 both have two input wires (represented as possible
inputs a or b) and, once having received a pulse on some wire, cannot return to their initial states
before receiving an input on the remaining wire; the difference is that Last Arrival only fires when
it receives a pulse on the remaining wire that hasn’t seen a pulse yet, while First Arrival fires
immediately upon receiving the first pulse. Let us call the period from when a gate is in its initial
state and receives some pulse to the point it has received a pulse on all input wires and returned to
its initial state a regime. Then we only need to check sequences of inputs that advance through a
regime, completing a gate’s cycle of behavior. In particular, we can ignore the possibility of any
inputs that advance a gate’s PyLSE Machine along a reflexive edge with no output, because that
input has no effect on the gate’s behavior—for example, if a Last Arrival gate is in state a − recv
and receives another pulse on the a gate, that input has no effect and we don’t need to consider it
when establishing equivalence. We summarize the situation as follows.
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• Repeated pulses. It’s possible for multiple pulses to occur on a single wire without any
intervening pulses on the other wires. For all the gates we consider, the setup time con-
straints, 𝜃 , are empty and so we can be confident that a repeated pulse leaves Circuit1 and
Circuit2 in the same configuration as before the repeated pulse, and hence we can ignore
this possibility when enumerating cases. There is an issue with timing, as repeated pulses
will in general update the internal clocks of SCE gates. We treat this issue in more detail
below.

• Simultaneous pulses. Simultaneous pulses on two wires could occur in theory (though
no known SCE gates allow this in reality). The behavior of simultaneous pulses on wires
𝑥 and 𝑦 would be either the behavior of receiving 𝑥 then 𝑦 or the reverse; which one is
unimportant since we cover both of these cases in the proof. The timing component of this
case poses no problem as the circuit essentially bypasses the “dirty” state and returns to its
“clean” initial state immediately. That is, there is no risk of getting stuck in an internal state
and then violating a timing constraint.

As mentioned in the case of repeated pulses, we must expand on the timing implications of this
approach to proving equivalence. We are interested in two SCE gates simulating each other’s I/O
behavior up to certain time delays. We are satisfied, then, if one circuit delays for awhile and then
mimics the other circuit’s behavior; in fact, this could be a sign that one circuit is some optimized
version of the other. Nevertheless, it could be that a circuit delays “too much” and either one
machine risks receiving a pulse that violates an internal timing constraint, or the two circuits
somehow fall out of (delayed) lock step. The approach we take to remedying this problem is to
consider only a representative sequence of input pulses. We know in advance when a sequence of
timed pulses will trigger a timing violation. In fact, we can compute this information a priori from
the initial data or we can interactively determine it by running a circuit against inputs and checking
the outputs. The first approach lends itself to automation and while we do not provide that facility
in this paper, we do leave it to future work. Given a sequence of inputs that are correctly timed,
we know the gate will conform to its intended functionality. It is sufficient then to test circuits for
equivalence up to these “well-timed” sequences. To make this clearer, we demonstrate in Listing 16
and Listing 17 the two concepts that underly the above discussion of time. The first shows how we
represent and feed input sequences to PulseGates while the second describes the “cyclic” property
of SCE gates according to a coinduction hypothesis.

let (FA-out-1 , FA-next-1) = runPG FA (inp-A t1)
(FA-out-2 , FA-next-2) = runPG FAcomm-next-1 (inp-B t2)
(FAcomm-out-1, FAcomm-next-1) = runPG FA (flip (inp-A t1))
(FAcomm-out-2, FAcomm-next-2) = runPG FAcomm-next-1 (flip (inp-B t2))

in (FA-out-1 ~ FAcomm-out-1) ×
(FA-out-2 ~ FAcomm-out-2) ×
(FA-next-2 ≈⟨ ⟩≈ FAcomm-next-2)

Listing 16. We specify inputs by sequences of pulses for instance inp-A and inp-B. We then run the circuits
on these inputs and keep track of the inputs and outputs.

By collecting the distinct input sequences together we are able to run the machine through the
sequences to determine their complete profile of behavior. It is the outputs along the way that need
to be equivalent and the stepped machines that must be bisimilar. This proof setup brings up the
last remaining problem to actually proving two circuits bisimilar: The PulseGates are coinductive
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coind : proj2 (runPG (proj2 (runPG FA (inp-A t1))) (inp-B t2))
≈⟨ ⟩≈
proj2 (runPG
(proj2 (runPG FA
(∅ :: * :: [] , proj2 (inp-A t1))))
(* :: ∅ :: [] , proj2 (inp-B t2)))

Listing 17. A coinduction hypothesis is required to validate the basic behavior of all the SCE gates. This
hypothesis corresponds to the cyclic behavior that is unique to all SCE gates.

and able to be “stepped” forward infinitely, indeed modeling the real life SCE gates; but when can
we safely stop for the purposes of our proof? We take advantage of the built-in notion of “cyclicity”
that guarantees well-designed SCE circuits will start in some initial, ready state, receive inputs,
perform some work, and then eventually return to the initial state. This cyclicity is in reality what
we are capturing with our coinductive structures, not solely the ability to be stepped forward
infinitely.
To put this in perspective, we can see in Listing 16 that after supplying both inputs to the

FA gate, we could simply keep doing this, stepping the circuit repeatedly with new inputs. This
would be strange however, because we know that the function of the FA gate is to return to its
initial state, having performed its output, at the completion of this sequence. We would like to
somehow wrap up this observation and use it to complete the proof. In the setting of coinductive
proofs, this type of maneuver is called a “coinductive hypothesis”, dual to an inductive hypothesis.
The coinductive hypothesis captures a cycle of behavior that appears in the otherwise infinite
stepping of a coinductive object. Thus, in the Citrus language, every basic SCE gate comes with
a coinductive hypothesis (derived directly from the intended behavior of that gate) establishing
the correctness of the behavior of the circuit. Put differently, we are able to build SCE gates in a
“correct by construction” fashion. An example of the coinductive hypothesis corresponding to the
FA gate above and the given input sequence is shown in Listing 17. With all of this in place we are
able to more formally state the definition of PulseGate equivalence. These are guidelines for the
proof technique, governing the examples, and note present as types in the code. We begin with the
concept of the ordered sequence that does not trigger timing violations.

Definition 2 (Well-timed Sequence). For all 𝑖 𝑗 : N, let 𝑠 be a sequence of type (TimedPulse i)
and𝑚 a PulseGate (PulseGate i) (TimedPulse j), then 𝑠 is well-timed if for all timestamps in the
sequence 𝑠 , (resp m s) does not trigger an error signal.

This definition expresses that, while applying an input to a PulseGate, the outputs generated
(by feeding the output into the step function to continue the circuit) do not trigger an error signal.
The definition captures the intuition that there is a schedule under which input pulses should occur
of a given SCE element to function correctly. Essentially, the inputs should be separated in time
sufficiently for the circuit to make all of its internal state changes without interruption. This is
essentially the approach taken in [Christensen et al. 2022] which constructs a priori a sequence of
traces at specific times and calculating the correct output times. Citrus implements this technique
with a strategy similar to that of the coinductive stack given in [Abel 2016], namely by using
let...in statements to manually schedule the input sequence and then copattern match on the
subsequent results.
There are two minor issues with this approach. The first is that we determine well-timed

sequences manually. The second is that we depend on a representative trace while a circuit may
have many correct execution traces. Determining well-timed sequences should be automatable
and we believe this to be straightforward. On the other hand, the use of a representative sequence
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versus a set of sequences is subtler issue. We speculate the two should be interderivable and are
working on this issue actively. Nevertheless, in practice, given a representative sequence, we are
able to proceed with proving two circuits functionally equivalent. Indeed, with the definition
of well-timed sequences and bisimilarity as a coinductive relation, we present the definition of
PulseGate equivalence.

Definition 3 (PulseGate Equivalence). For all 𝑖 𝑗 : N, 𝑚1, 𝑚2 : PulseGate (TimedPulse i)
(TimedPulse j), (inp:TimedPulse i), 𝑚1 is equivalent to 𝑚2 if there is a well-timed sequence 𝑠

and time delays 𝑑1, 𝑑2, such that for all intermediate outputs (until the coinduction hypothesis is
reached):

(1) (resp𝑚1 s) ≡ (resp𝑚2 s)
(2) step𝑘 (𝑚1) ≈⟨ ⟩≈ step𝑘 (𝑚2)

where step𝑘 represents the number of steps that must be applied to the circuit𝑚 before it can
invoke its coinduction hypothesis and return to its clean state.

Having defined PulseGate equivalence we are able to set on a firm foundation many equational
laws which SCE circuits obey but which have yet to be proven formally. We pursue two sets of
case studies along these lines in Section 5.

5 Case Studies
We demonstrate the usefulness of Citrus by using it in a set of case studies. The first set of case
studies (Section 5.1–Section 5.3) examines several “laws” about SCE gate composition that depend
on equivalences that SCE designers believe should be correct, but that have never formally been
proven. The last case study (Section 5.4) examines a non-trivial SCE circuit taken from the PyLSE
paper [Christensen et al. 2022], a bitonic sorter, and proves a property about it which PyLSE is
unable to prove via model checking (i.e., by translating the PyLSE Machine to a timed automata
and using a third-party model checker). All of these proofs have been mechanized and are available
in the supplementary material.

5.1 Temporal Invariance
The first SCE composition law states that delaying two inputs by 𝑘 time units and running them
into a First Arrival gate is the same as running two inputs into a First Arrival and then delaying by
𝑘 time units. Stated algebraically, where 𝐷 is a delay and FA is a First Arrival gate:

Proposition 5.1.1 (∀(𝑎 𝑏 : 𝑇𝑖𝑚𝑒𝑑𝑃𝑢𝑙𝑠𝑒 2) (𝑘 : 𝑇𝑖𝑚𝑒), 𝐹𝐴(𝐷𝑘 (𝑎), 𝐷𝑘 (𝑏)) = 𝐷𝑘 (𝐹𝐴(𝑎, 𝑏))).

We can represent the circuits on each side of the equality in Citrus as shown in Listing 18 using the
combinators defined earlier in the paper:

Delay-FA = ((Delay {1} k) *** (Delay {k} {1} k)) >>> FA
FA-Delay k = FA >>> Delay k

Listing 18. The two circuits used in Proposition 5.1.1

To prove the equivalence we proceed in three steps. The first step is to establish a coinduction
hypothesis stating when the gate may be considered “done” and able to return to its initial state. The
second step is to construct the sequence of inputs, keeping track of the intermediate outputs and
updated circuits. The third step is to write down the proof obligations, namely, that the intermediate
outputs are equal and that the final, updated circuits are bisimilar. We refer to this pattern as “setting
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temp-inv :
-- the coinduction hypothesis
(coind : proj2 (runPG (proj2 (runPG Delay-FA (inp-1 0))) (inp-2 11))

≈⟨ ⟩≈
proj2 (runPG (proj2 (runPG FA-Delay (inp-1 0))) (inp-2 11))) →

-- constructing the sequence of inputs
let (DelFA-out-1 , DelFA-next-1) = runPG Delay-FA (inp-1 0)

(DelFA-out-2 , DelFA-next-2) = runPG DelFA-next-1 (inp-2 11)
(FADel-out-1 , FADel-next-1) = runPG FA-Delay (inp-1 0)
(FADel-out-2 , FADel-next-2) = runPG FADel-next-1 (inp-2 11)

-- the proof obligations
in (DelFA-out-1 ≡ FADel-out-1) ×

(DelFA-out-2 ≡ FADel-out-2) ×
(DelFA-next-2 ≈⟨ ⟩≈ FADel-next-2)

Listing 19. The proof setup for Proposition 5.1.1. It consists of three parts: assuming the coinduction
hypothesis; the relevant input sequence; and the equalities and equivalences that form the proof obligations.

up the equivalence” or “proof setup” and make use of it in the remaining case studies. Listing 19
shows the proof setup for the proof of Listing 18.
With this setup we can then prove the theorem (i.e., the three proof obligations given in Listing 19)
with three corresponding equations as shown in Listing 20:

proj1 (temp-inv coind) = refl
proj1 (proj2 (temp-inv coind)) = refl
proj2 (proj2 (temp-inv coind)) = coind

Listing 20. The proof of temporal invariance consists solely of three equations which Agda validates as true.

Using Citrus with all of its provided definitions and operators, there is minimal difficulty in
setting up and proving the above theorem. The only manual work it requires is to establish a
given temporal path, e.g., the timestamps required for the input pulses, and the corresponding
coinduction principle. It might be possible to automate this manual work as well using arithmetic
solvers, but we leave it for future work.

5.2 Commutativity of the FA and LA Gates
The second SCE composition law states that both the First Arrival and the Last Arrival gates are
each commutative, i.e., the behavior of both gates is the same regardless on which wire the input
pulses arrive. Proposition 5.2.1 states the case only for the First Arrival gate; the statement is nearly
identical in the case of the Last Arrival gate.

Proposition 5.2.1 (∀(𝑎 𝑏 : 𝑇𝑖𝑚𝑒𝑑𝑃𝑢𝑙𝑠𝑒 2), 𝐹𝐴(𝑎,𝑏) = 𝐹𝐴(𝑏, 𝑎)).

The proof setup follows the same pattern as that of Proposition 5.1.1 with one exception: In this
case we do not need a coinduction hypothesis as the final proof obligation is merely reflexively true.
Agda is able to validate this on its own (through the use of a helper function). Listing 21 shows the
setup code:

This proof is even simpler than the proof of temporal invariance, as we do not need a coinduction
hypothesis, because the gates have identical internal state as determined by Agda. Thus we can
resolve the proof obligation using the helper function ≈refl which discharges reflexively bisimilar
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FA-comm :
let (FA-out-1 , FA-next-1) = runPG FA (inp-1 0)

(FA-out-2 , FA-next-2) = runPG FA-next-1 (inp-2 11)
(FAcomm-out-1 , FAcomm-next-1) = runPG FA (flip (inp-1 0))
(FAcomm-out-2 , FAcomm-next-2) = runPG FAcomm-next-1 (flip (inp-2 11))

in (FA-out-1 ≡ FAcomm-out-1) ×
(FA-out-2 ≡ FAcomm-out-2) ×
(FA-next-2 ≈⟨ ⟩≈ FAcomm-next-2)

proj1 (FA-comm) = refl
proj2 (proj2 (FA-comm)) = refl
proj2 (proj2 (FA-comm)) = ≈refl

Listing 21. The First Arrival Gate is commutative in the sense that its inputs can be given in any order.

terms (analogous to refl for inductive terms). The proof for Last Arrival is identical so we do not
show it here.

5.3 Distributivity of the FA and LA Gates
The third SCE composition law states that First Arrival distributes over Last Arrival. This law is
useful practically, in that it permits us to replace a circuit with four gates by a circuit with three
gates. However, it is also interesting from a logical perspective, because the classical analogues
of First Arrival and Last Arrival are the OR and AND gates. In Boolean logic conjunction and
disjunction enjoy a distributive relationship: (𝑀 ∨ (𝐴 ∧ 𝐵)) = (𝐴 ∨𝑀) ∧ (𝐴 ∨ 𝐵). Here, we show
that the SCE analogue to this distributive law holds as well.

FA

LA

FA

LA

FA

Fig. 5. Schematic representation of the distributive law translated to pulse-based SCE gates. We refer to the
top circuit as Circuit1 and the bottom circuit as Circuit2.

This case study comes from common transformations done to classical CMOS circuits to optimize
area and performance. The question is whether Circuit1 ≈⟨ ⟩≈ Circuit2 (where Circuit1 and Circuit2
are the top and bottom circuits in Figure 5, respectively); if so then a designer can optimize a circuit
that uses Circuit2 (which has more gates and a longer delay) by replacing it with Circuit1 (which
has fewer gates and a shorter delay). SCE designers strongly suspect the truth of this equivalence,
but there is no proof that it is correct.
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Circ1-eq-Circ2-MAB :
(coind : proj2
(runPG (proj2 (runPG (proj2 (runPG Circ1 inp-M')) inp-A')) inp-B')
≈⟨ ⟩≈
proj2 (runPG (proj2 (runPG (proj2 (runPG Circ2 inp-M)) inp-A)) inp-B)) →

let (circ1-out-1 , circ1-next-1) = runPG Circ1 inp-M'
...
(circ2-out-1 , circ2-next-1) = runPG Circ2 inp-M
...

in (circ1-out-1 ≡ circ2-out-1) ×
...
(circ1-next-3 ≈⟨ ⟩≈ circ2-next-3)

proj1 (Circ1-eq-Circ2-MAB coind) = refl
proj1 (proj2 (Circ1-eq-Circ2-MAB coind)) = refl
proj1 (proj2 (proj2 (Circ1-eq-Circ2-MAB coind))) = refl
proj2 (proj2 (proj2 (Circ1-eq-Circ2-MAB coind))) = coind

Listing 22. Distributive law proof setup. Given a sequence of inputs M,A,B there are inputs M’,A’,B’ such
that the two are behaviorally equivalent.

The distributive law we are trying to prove may be stated as Circuit1 ≈⟨ ⟩≈ Circuit2. The proof
setup is shown in Listing 22. In order to decompose the problem, we will investigate it by cases.
As described earlier the SCE gates work in a cyclical fashion, returning to an initial configuration
after receiving a pulse on every wire. This behavior means that there are eight cases to consider,
one for each possible ordering of pulses arriving on the 𝐴, 𝐵, and 𝑀 wires. For example, in one
case we examine the input sequence in which the𝑀 wire pulses, then the 𝐴 wire followed by the 𝐵
wire. We prove that the outputs of the two circuits Circuit1 and Circuit2 for this input sequence are
equal. At this point, the gates should each be back to their respective initial configurations—except
that they are not exactly. In an untimed setting this would be true, but in a timed setting they
have each updated their clocks and so are technically not the same as the original configurations
(though they are the same up to that timing information). To overcome this problem we employ a
standard coinductive technique analogous to strengthening an inductive hypothesis: we assume a
coinductive hypothesis stating that the new configurations are time-abstract bisimilar. Essentially,
this hypothesis states that we went through one step of testing that the circuits yield the same
behavior for the same input sequence, and that the remaining infinite steps will look exactly the
same—thus if the first step worked (which it did) then the remaining steps must work as well.

5.4 Bitonic Correctness
Our final case study is on bitonic sorters, a real-world SCE circuit that was also used as a case study
in the Pylse paper [Christensen et al. 2022]. A bitonic sorter is a parallel sorting network composed
of min-max blocks. An 𝑛-width bitonic sorter implementation is correct if it pulses its 𝑛th output
wire on the 𝑛th input to arrive. PyLSE is unable to prove the correctness of a particular 4-bit SCE
bitonic sorter implementation via model-checking, because the compiled timed automaton to be
model checked contained too many states to be efficiently validated. However, with Citrus its proof
is only a few lines long. We show the Citrus program implementing the bitonic sorter in Listing 23
and its proof of correctness in Listing 24.
The proof in Listing 24 is establishing the four proof obligations (in addition to the fifth obligation
establishing bisimilarity), i.e., that after running all input pulses, the sequence of output pulses
should come in order, from first to last wire of the bitonic sorter itself. Given the machinery provided
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bitonic-sorter-4 : PulseGate (TimedPulse 4) (TimedPulse 4)
bitonic-sorter-4 = (min-max *** min-max) >>> ((arr perm1) >>>

((min-max *** min-max) >>> ((arr perm2) >>>
((min-max *** min-max)))))

Listing 23. The definition of a 4-bit bitonic sorter. The 𝑝𝑒𝑟𝑚1 and 𝑝𝑒𝑟𝑚2 functions are wire management
arrows.

bitonic-correct :
(coind : proj2 (runPG (proj2 (runPG (proj2 (runPG
(proj2 (runPG bitonic-sorter-4 test-pulse-a)) test-pulse-b)) test-pulse-c))

test-pulse-d) ≈⟨ ⟩≈ bitonic-sorter-4)
let (bit4-out-1 , bit4-next-1) = runPG bitonic-sorter-4 (test-pulse-a)

(bit4-out-2 , bit4-next-2) = runPG bit4-next-1 (test-pulse-b)
(bit4-out-3 , bit4-next-3) = runPG bit4-next-2 (test-pulse-c)
(bit4-out-4 , bit4-next-4) = runPG bit4-next-3 (test-pulse-d)

in (proj1 bit4-out-1) ≡ (* :: ∅ :: ∅ :: ∅ :: []) ×
(proj1 bit4-out-2) ≡ (∅ :: * :: ∅ :: ∅ :: []) ×
(proj1 bit4-out-3) ≡ (∅ :: ∅ :: * :: ∅ :: []) ×
(proj1 bit4-out-4) ≡ (∅ :: ∅ :: ∅ :: * :: []) ×
bit4-next-4 ≈⟨ ⟩≈ bitonic-sorter-4

proj1 (bitonic-correct coind) = refl
proj1 (proj2 (bitonic-correct coind)) = refl
proj1 (proj2 (proj2 (bitonic-correct coind))) = refl
proj1 (proj2 (proj2 (proj2 (bitonic-correct coind)))) = refl
proj2 (proj2 (proj2 (proj2 (bitonic-correct coind)))) = coind

Listing 24. The 4-wide bitonic sorter correctness proof.

by Citrus, the proofs are straightforward. We further note that the PyLSE paper attempted the 8-bit
bitonic sorter as well but similarly it succumbed to state explosion and was not able to be model
checked. We can see from the above code that extension to the 8-bit case is trivial and correctness
can be proven in an identical manner.

5.5 Discussion
Citrus, establishes an idealized model in which it proves certain fundamental laws about SCE. They
are interesting for building up our knowledge about SCE as a unique information encoding and
constitute basic optimizations in SCE workflows which could be taken advantage of by designers
using SPICE, Verilog, etc. The field of SCE is still scaling and so the breadth of moderately large
circuits with documented failures is limited. That is, by traditional CMOS standards, a 4-wide
bitonic sorter would be miniscule, however, in the context of SCE, this is still a relatively interesting
circuit. Indeed, the types of circuits that SCE should be targeting is itself an open question. For
instance, the work of Tzimpragos on race trees in [Tzimpragos et al. 2019] is an exploration of
what kinds of circuits SCE are well-designed to represent.

This brings up an interesting issue concerning what can be verified in Citrus versus PyLSE, e.g. a
model checker. In terms of safety and liveness, model checking, specifically the language of Timed
Computation Tree Logic used in Uppaal, should be able to at least formulate any safety property
(though scalability issues can prevent checking them). The correctness properties given in PyLSE
are all safety properties. The move to coinductive types does open the door to checking liveness
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properties as well. This is an avenue we are interested in exploring, formulating a wider spectrum
of properties and addressing these as well.

6 Related Work
Themost closely relatedwork is PyLSE [Christensen et al. 2022], whichwe have described previously
in the paper. Here we discuss other related works besides PyLSE.

6.1 High-Level Hardware Design
Some of the earliest approaches to combining functional programming and hardware description
come in the form of Lava [Bjesse et al. 1998] and Hawk [Matthews et al. 1998]. Lava and Hawk are
Haskell-based DSLs for describing and modeling synchronous digital hardware. They offer certain
amounts of formal verification for the behavior of circuits in addition to creating an environment for
more compositional hardware design. However, both Lava and Hawk are designed for conventional
CMOS circuits rather than the asynchronous pulse-based circuits required for SCE and hence are
not usable for describing SCE circuits.

Hawk and Lava both support certain kinds of verification; however, neither treat circuit equiva-
lence the way Citrus does and neither uses the notion of arrows. Hawk supports model checking
via binary decision diagrams [Launchbury et al. 1999]. Lava supports model checking against
computational tree logic (CTL) formulas, as well as facilities for SMT solving and for proving
safety formulas using an inductive proof strategy [Claessen and Sheeran 2000]. As the approach is
restricted to safety properties, it is only valid for properties defined as least fixed points and not for
properties defined as greatest fixed points, e.g., coinductively, in contrast to Citrus. The Kansas
dialect of Lava is a more recent extension of the original Lava code and enables writing equalities
at the type level, but only between types representing finite sets [Gill et al. 2010].

6.2 Functional Reactive Programming and Hardware Design
Functional reactive programming (FRP) is an approach to designing persistent, stateful systems
based on a small set of function combinators [Elliott and Hudak 1997a]. In modern approaches these
combinators are built on top of arrows [Paterson 2003]. There have been a handful of attempts to
describe basic hardware circuitry as reactive systems, specifically within the framework of arrow-
based FRP. The C𝜆ash [Baaij 2009] system provides a DSL implemented in the Haskell language for
describing synchronous circuits. C𝜆ash is more of a designer’s tool and does not focus on formal
verification, but it does have an experimental API that allows for expressing logical formulas that
are translated into Property Specification Language (PSL), a variant of LTL, and SystemVerilog
Assertions. Π-ware [Flor et al. 2018] is a DSL written in Agda that expresses traditional CMOS
synchronous circuits and offers methods for testing equivalence as well as synthesis. It does not
offer facilities for timing and its notion of equivalence is based on finite simulation, e.g. checking
finite, equal outputs for finite, equal inputs, which is not useful for SCE circuit equivalence.

Outside of hardware design, [Yallop and Liu 2016] explore an Arrow type which further restricts
the ArrowLoop typeclass to contain only those arrows which are causal and commutative. These
are two restrictions on the sequential and parallel composition operators, as well as a restriction
on the loop operator. The result of this restricted typeclass is that the authors can use a series of
equations to reduce any given causal, commutative arrow (CCA) into a single arrow of a certain
form. The CCA arrows bear some resemblance to our timed arrows. The CCA typeclass include a
delay combinator, but this is less about timing and more about restricting Haskell’s ⊥ type during
feedback computations. Nevertheless, we speculate that we can employ a similar normalization
algorithm and thus obtain an automatic form of equivalence checking, namely, computing two
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arrows to their normal form and checking if they are exactly equal. We leave this activity to future
work.

Finally, the work of Bärenz is also outside the realm of hardware but considers adding type-
level clocks and coinductive tooling to FRP combinators in [Bärenz and Perez 2018; Bärenz and
Seufe 2017]. While Citrus has not focused specifically on synchronous, clock-based circuits, the
developments in these two works could provide an effective way toward this goal.

7 Conclusion
We have presented Citrus, an embedded DSL in Agda for modeling SCE circuits as functional
objects, and described a useful notion of equivalence for Citrus programs that enables reasoning
about the equivalence of SCE circuits up to time-abstraction. Citrus offers a platform for exploring
SCE circuit transformations which can lead to provably-correct circuit optimizations. Moreover,
the core language is easily extendable with new combinators and effects. We evaluated Citrus on
two sets of case studies. In the first we proved several equational laws over SCE circuits which have
never been formalized. In the second, we demonstrated a proof of correctness for a moderately sized
SCE circuit which was unable to be model checked in PyLSE. We believe Citrus greatly expands on
the programming language toolbox for SCE that is available to hardware architects and designers.
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